Summary. -Weak gravitational lensing of background galaxies is a unique, direct probe of the distribution of matter in clusters of galaxies. We review several important aspects of cluster weak gravitational lensing together with recent advances in weak lensing techniques for measuring cluster lensing profiles and constraining cluster structure parameters. 
-Introduction
Propagation of light rays from a distant source to the observer is governed by the gravitational field of intervening mass fluctuations as well as by the global geometry of the universe. The images of background sources hence carry the imprint of the gravitational potential of intervening cosmic structures, and their statistical properties can be used to test the background cosmological models.
The deep gravitational potential wells of clusters of galaxies generate weak shape distortions of the images of background sources due to differential deflection of light rays, resulting in a systematic distortion pattern of background source images around the center of massive clusters, known as weak gravitational lensing [1, 2, 3, 4, 5] . In the past decade, weak lensing has become a powerful, reliable measure to map the distribution of matter in clusters, dominated by invisible dark matter (DM), without requiring any assumption about the physical and dynamical state of the system [6, 7] . Recently, cluster weak lensing has been used to examine the form of DM density profiles [8, 9, 10, 11, 12, 13, 14, 15] , aiming for an observational test of the equilibrium density profile of DM halos and the scaling relation between halo mass and concentration, predicted by N -body simulations in the standard Lambda Cold Dark Matter (ΛCDM) model [16, 17] . Weak lensing techniques have also been used to search for cluster-sized mass concentrations projected on the sky [18, 19, 20] , allowing us to define samples of "shear-selected" DM halos from deep optical surveys [21, 22, 23] .
In this lecture we briefly review several important aspects of cluster weak gravitational lensing. There have been several reviews of relevant subjects: For general treatments of gravitational lensing, we refer the reader to Schneider, Ehlers, & Falco [24] , Blandford & Narayan [25] , Refsdal & Surdej [26] , and Narayan & Bartelmann [27] . For a review on strong gravitational lensing in clusters, see Hattori, Kneib, & Makino [28] . For a general review of weak gravitational lensing, see Bartelmann & Schneider [4] .
-Basic Equations of Cosmological Gravitational Lensing
The local universe appears to be highly inhomogeneous on a wide range of scales from stars, galaxies, through galaxy clusters, up to forming superclusters, filaments, and lowdensity voids. The propagation of a light ray is therefore influenced by the gravitational field caused by these inhomogeneous mass distributions. The light propagation in an arbitrary curved space time is in general a complicated theoretical problem. However, most of the astrophysical relevant situations allow for a much simpler description of the light ray propagation, which is called the gravitational lensing theory. This section reviews briefly the gravitational lensing theory in order to provide a foundation for later discussions on cluster weak lensing as well as to summarize the basic equations and concepts on cosmological gravitational lensing.
2
. 1. Gravitational Deflection and Lens Equation.
-To begin with, let us consider the bending of light rays in the asymptotically flat spacetime caused by a quasi-stationary/spatiallyisolated mass distribution, assuming that the gravitational field is weak or the deflection angle is small. This can be done by solving the null geodesic equation in the Minkowski spacetime perturbed with the Newtonian gravitational potential (see, e.g., Ref. [24] ). The perturbed metric g µν (µ, ν = 0, 1, .., 3) is then written as where Ψ is the Newtonian gravitational potential, δ ij (i, j = 1, 2, 3) is the Kronecker delta, and c is the speed of light. We consider the metric given by equation (1) to be the sum of a background metric g (b) µν and a small perturbation h µν : g µν = g
(b)
µν + h µν with |h µν | ≪ 1. Expanding to the first order in Ψ/c 2 we break up the metric in equation
(1) into a sum of the background Minkowski metric g 
where k µ is the 4-momentum of the light ray, λ is the affine parameter, and Γ 
(1, 1, 0, 0) and x (b)µ = (λ, λ, 0, 0). Now we consider the light ray propagation in the perturbed space time. Without loss of generality, we can take the deflection angle to lie in the xz plane (i.e., y ≡ x 2 = 0). In the weak field limit (|Ψ/c 2 | ≪ 1) the impact parameter b of the incoming light ray is much greater than the Schwarzschild radius of the deflector, b ≫ 2GM/c 2 . The linearized null geodesic equation takes the form:
Note that the first term on the right-hand side of equation (7) vanishes since Γ (b) = 0. The perturbed Christoffel symbol is δΓ
. Choosing the boundary condition δk µ (−∞) = 0, we integrate the linearized geodesic equation (7) to obtain the 4 momentum of the light ray in the out state as:
In the small angle scattering limit (|Ψ/c 2 | ≪ 1), the bending angleα of the light ray is obtained asα
For µ = 1 (the x || -component), δk || (λ) = const. = 0, so that k || (λ) = 1 and x || = λ + O(|h|). This suggests a simple approximation for the bending angle consistent with the weak field limit: Using dλ = dx || + O(|h|) and integrating along the unperturbed path, we haveα
This is known as the Born approximation. This yields an explicit expression for the bending angle asα ≈ 4GM/(bc 2 ) ≈ 1.75
General relativity gives a deflection angle twice as large as that Newtonian physics would provide. Eddington confirmed the prediction of general relativity from the measurement of the deflection of the starlight during a solar eclipse. This solar deflection angle is verified within ∼ 0.1% [29] .
Finally, we find from the null condition (equation [3] ) that δk
The gravitational time delay ∆t grav , with respect to the unperturbed light propagation, is thus given by
Let us consider a situation as illustrated in Figure 1 : A light ray propagates from a source S at the position η in the source plane to an observer O, passing the position ξ in the lens plane where it is deflected by a bending angleα. Here the source and lens planes are defined as planes perpendicular to the optical axis at the distance of the source and the lens, respectively. The exact definition of the optical axis does not matter since the angular scales involved in a typical lensing situation are very small. The angle between the optical axis and the true source position is β, and the angle between the optical axis and the image I is θ. The angular diameter distances from the observer to the deflector, from the observer to the source, and from the deflector to the source, are denoted by D d , D s , and D ds , respectively. From Figure 1 , we find the following geometrical relation:
Equivalently, this is transformed to the relation between the angular source and image positions, β = η/D s and θ = ξ/D d :
where we have defined the reduced deflection angle α(θ) in the last step. Equation (12) is called the lens equation, or ray-tracing equation. The lens equation is in general non-linear (with respect to θ), so that it may have several solutions θ for a given source position β, corresponding to the multiple imaging of a single source on the sky.
. 2. Cosmological Lens Equation.
-Here we turn to the cosmological lens equation that describes the light propagation in an expanding, locally-inhomogeneous universe. There are various approaches to derive the cosmological lens equation [30, 31, 32, 33] . Here we follow the approach by Futamase [33] based on the linearized null geodesic equation as introduced in §2 . 1.
Consider the following perturbation of the Friedman-Lemaitre-Robertson-Walker (FLRW) metric:
where (
is the conformal time, and r(χ) is the comoving angular diameter distance defined by
The curvature parameter K is expressed with the present-day total density parameter of the Universe Ω 0 as K = (Ω 0 − 1)H 2 0 /c 2 . Since the structure of a light cone is invariant under the conformal transformation, we work in the conformally-related spacetime with a null geodesic given by ds 2 . The metricg µν can be rewritten in the form ofg µν =g
µν +h µν , as a sum of the background FLRW metric and a small perturbation (|h| ≪ 1). The cosmological Poisson equation relates the Newtonian gravitational potential Ψ to the density perturbation field, δρ m , as:
where δ m = δρ m /ρ is the overdensity with respect to the mean background density of the universe, Ω m is the present-day matter density parameter, andρ is the mean cosmic matter density,ρ = Ω m a −3 ρ crit,0 = a −3 (3H 2 0 Ω m )/(8πG). The physical implication of equation (16) is that the amplitude of Ψ is related to the amplitude of δ as |Ψ/c
where l and L H = c/H 0 denote the characteristic comoving scale of the density fluctuation and the Hubble radius, respectively. Therefore, assuming the standard power spectrum of the density perturbation, we can safely conclude that the degree of metric perturbation is always much smaller than unity, i.e., |Ψ/c 2 | ≪ 1, even for highly non-linear perturbations with |δ m | ≫ 1 on small scales of l ≪ L H (≃ 3 Gpc h −1 ). Following the prescription given in §2 . 1, we solve the null geodesic equation (equations [2] , [3] , [4] ) on the perturbed FLRW metric (13) . Choosing the origin of the coordinate system at the observer's point and backward ray-tracing from the observer λ = 0 to the source λ = λ s along the photon path, we obtain the 4-momentum of the light ray in the background FLRW spacetime as k (b)µ = (−1, 1, 0, 0), and the corresponding orbit as
) denotes the angular direction of the image on the celestial sphere. The comoving angular diameter distance r(χ) defined by equation (15) can be parametrized by the affine parameter along the photon path as r(χ(λ)) = r(λ). The null geodesic equation for the perturbative part is given by equations (5), (6), (7), and can be formally solved as
where ∂ µ Ψ = (Ψ ,θ , sin −2 θΨ ,φ ). Inserting this in equation (5) and integrating the angular part yields the following equation:
where quantities with the subscript S denote those defined for the source. Now we consider a small patch of the sky over which the curvature of the sky is negligible (flat-sky approximation). Then, one can define locally flat-sky Cartesian coordinates θ = (θ, θφ) around the line-of-sight of interest (θ ≪ 1). Defining β ≡ θ S and θ ≡ θ I , equation (18) is written in this coordinate system as
where ∇ ⊥ is the (comoving) transverse derivative, ∇ ⊥ ≡ r −1 (λ)(∂ θ , θ −1 ∂ φ ), and the integral is performed along the perturbed trajectory
. This is a general expression of the cosmological lens equation: as long as the approximations adopted are valid (see Refs. [33] and [34] for more details), equation (19) can be applied to various lensing phenomena, including the multiple deflections of light rays, strong and weak lensing by clusters of galaxies, and the weak lensing by the cosmic large-scale structure continuously distributed between the source and the observer. Note that the cosmological lens equation (19) is derived with the standard angular diameter distance in FLRW spacetime without employing the thin lens approximation.
. 3. Cluster Gravitational Lensing. -Now, let us turn to the case of gravitational lensing by clusters of galaxies. Clusters are the largest gravitationally-bound systems observed in the Universe, with typical masses of M ∼ 10 14 − 10 15 M ⊙ . In the context of the standard structure formation scenario, clusters, as the most massive collapsed structures, correspond to rare peaks in the primordial density field. Clusters produce deep gravitational potential wells, and act as efficient gravitational lenses. The largescale structure in the Universe also affects the propagation of light rays from distant sources, producing small but continuous transverse excursions of light rays along the light path. In the study of cluster gravitational lensing, it is often assumed that the total deflection angle α is dominated by the gravitational potential of the cluster itself, and that contributions from the cosmic large-scale structure and multiple deflections by other non-linear objects are negligible. Assuming that the light propagation is approximated by a single scattering event by the cluster (single lens approximation) and that a light deflection occurs within a sufficiently small region (χ d − ∆χ/2, χ d + ∆χ/2) compared to the relevant angular diameter distances (thin-lens approximation), we have the deflection angle by a single cluster as
where D s = a(χ s )r(χ s ) and D ds = a(χ s )r(χ s − χ d ) are the angular diameter distances from the observer to the source, and from the deflector to the source, respectively, and r(χ d )θ is the comoving transverse vector on the lens plane. In a cosmological situation, the angular diameter distances D ij between the planes i and j (z i < z j ) are of the order of the Hubble radius, L H ≡ c/H 0 ≈ 3 Gpc h −1 , while physical extents of clusters are about 2R = 2 − 5 Mpc h −1 . Therefore, one can safely adopt the thin-lens approximation in cluster gravitational lensing.
In actual observations, large scale structure along the line-of-sight also contributes to the lensing signal, and consequently affects the measurements of cluster mass properties. The level of uncertainties on cluster lensing measurements due to large scale structure can be assessed by numerical simulations (see Ref. [35] ). For a massive cold dark matter (CDM) halo with M 200 = 10
15 M ⊙ h −1 , uncertainties in the mass measurement could reach 16 − 18% at intermediate redshifts of [35] . See also Appendix A for the multiple lens equation based on a discretized version of the cosmological lens equation.
Then, we introduce the effective lensing potential ψ(θ) defined as
where D d is the angular diameter distance from the observer to the deflector,
In terms of ψ(θ), the lens equation is expressed as
where Table 1 gives examples of analytic axially-symmetric lens models based on spherically-symmetric mass distributions, such as the point mass, Table I . -Examples of analytic lens models based on the spherical symmetric mass distribution. The 3D density profile ρ(r), the lensing convergence κ(θ), and the mean convergenceκ(θ) inside the angular radius θ are given. Here 'T' and 'R' indicates that the lens has a tangential and a radial critical curve, respectively.
Notes.
(1) Singular isothermal sphere: σv represents the isothermal 1D velocity dispersion. (3) Navarro, Frenk, and White (NFW [37] ) universal profile of cold dark matter (CDM) halos: δc, ρcrit, and rs represent the characteristic overdensity of the CDM halo, the critical density of the Universe, and the scale radius, respectively. κs and θs are then defined by κs := 2δcρcritrsΣ
and θs := rs/D d , respectively. The functions f (x) and g(x) are defined as follows [38] [39]:
the singular isothermal sphere, and the NFW models. For a more complete catalog of mass models for gravitational lensing, see Keeton [36] .
2 . 4. Lensing Jacobian Matrix . -The local properties of the lens mapping are described by the Jacobian matrix A :
This symmetric 2 × 2 Jacobian matrix can be decomposed into the following form: (27) where κ(θ) is the lensing convergence field defined by
responsible for the trace-part of the Jacobian matrix, γ α (θ) (α = 1, 2) are the components of the complex shear field γ(θ) := γ 1 (θ) + iγ 2 (θ), defined as
and σ a (a = 1, 2, 3) are the Pauli matrices that satisfy σ a σ b = iǫ abc σ c . Equation (28) can be regarded as the two-dimensional Poisson equation. Then, the Green's function (or the propagator) in the infinite domain (
The explicit representation of the lens Jacobian matrix is
and it has two eigenvalues Λ ± = 1 − κ ± |γ|. In Figure 2 we illustrate the effects of the lensing convergence κ and the gravitational shear γ on the shape and size of an infenitesimal circular source.
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Gravitational Lensing 2 . 5. Lensing Convergence. -The lensing convergence κ is essentially a distance weighted mass overdensity projected along the line-of-sight. We express κ(θ) due to cluster gravitational lensing as
where Σ m = dl (ρ m −ρ) ≈ dl ρ m is the surface mass density field of the lensing cluster projected on the sky, and Σ crit is the critical surface mass density of gravitational lensing,
is the dimensionless angular diameter distance between the planes i and j; Σ crit depends on the lensing geometry (z d , z s ) and the geometry of the Universe, e.g., (Ω m , Ω Λ , H 0 ).
For a given lens redshift z d , the geometric efficiency of gravitational lensing is determined by the distance ratio, D ds /D s , given as a function of the background redshift z s and the cosmological parameters. Figure 3 compares D ds /D s as a function of z s for various sets of the lens redshift and the cosmological model. In order to convert the observed lensing signal into physical mass units, one needs to evaluate the depth of background sources (i.e., the source redshift distribution, or its moments). In typical optical imaging observations down to a magnitude limit of R c ∼ 26 ABmag, the median depth of background galaxies is about z s ∼ 1. When the lens redshift is z d < ∼ 0.2, Σ crit depends weakly on the source redshift, so that a precise knowledge of the redshift distribution of background galaxies is not crucial (see for details, e.g, Refs. [40] and [13] ). On the other hand, this distance dependence of the lensing effects can be used to constrain the cosmological redshift-distance relation by examining the geometric scaling of the lensing signal as a function of the background redshift (see Refs. [41] and [42] ).
2
. 6. Quadrupole Shape Distortion: Gravitational Shear . -The deformation of the image for an infinitesimally small background source (dβ → 0) can be described by the inverse Jacobian matrix A −1 αβ ≡ (A −1 ) αβ of the lens equation (α, β = 1, 2). In the weak lensing limit,
where
is the symmetric, trace-free 2 × 2 shear tensor [4] [43] . The first term in equation (33) describes the isotropic light focusing (area distortion) in the weak lensing limit, while the second term induces an asymmetry in lens mapping; the shear is hence responsible for the shape distortion. Note that both the convergence and the shear contribute to the shape/area distortions in general (non-weak) cases. 
. 7. Area Distortion: Gravitational Magnification. -The determinant of the Jacobian matrix is given as detA = (1−κ) 2 −|γ| 2 . In the weak lensing limit where |κ|, |γ 1 |, |γ 2 | ≪ 1, detA ≈ 1 − 2κ. Gravitational lensing describes the light ray deflection in the weak field limit (|Ψ/c 2 | ≪ 1). The surface brightness of a background source is unchanged under gravitational lensing (Liouville's theorem). The flux magnification in gravitational lensing is due to the light-ray focusing that causes the area distortion: δΩ I = µδΩ S . The magnification is hence given by taking the ratio between the lensed to the unlensed image solid angle as µ = δΩ I /δΩ S = 1/detA:
In the weak lensing limit, the magnification to the first order is
Thus, for an image at κ(θ) = 0.1, the corresponding magnitude change is ∆m ≈ −(5/2) log 10 (µ) ≃ −0.20. For lensing clusters at low redshifts z d , Σcrit depends very weakly on the background redshift zs, so that the uncertainty in zs of background galaxies is less important in the lensing-based cluster mass determination. This figure is taken from Ref. [7] .
-Weak Gravitational Lensing
In this section, we assume for simplicity that the lensing fields are subcritical everywhere, i.e., detA(θ) > 0.
3
. 1. Weak Lensing Mass Reconstruction. -For convenience we define the complex gradient operator ∂ := ∂ 1 + i∂ 2 that transforms as a vector, ∂ ′ = ∂e iϕ , with ϕ being the angle of rotation relative to the original basis [44, 45, 46] . In terms of the effective lensing potential ψ(θ), the lensing convergence is given as
where * denotes the complex conjugate, and ∂∂ * = ∇ 2 θ is a scalar or a spin-0 operator. Similarly, the complex shear γ = γ 1 + iγ 2 ≡ |γ|e 2iφ is given as -The projected mass distribution κ(θ) of A1689 reconstructed using the weak gravitational shear field γ(θ) measured from a color/magnitude-selected sample of red background galaxies registered in deep Subaru imaging observations. Overlaid up on the image is the reconstructed spin-2 gravitational shear field γ(θ). A stick with the length of 10% shear is indicated in the top right corner. The north is to the top, and the east is to the left. This figure is based on the Subaru weak lensing data presented in Ref. [9] .
2iϕ under a rotation of the basis axis by ϕ. Since the γ-and κ-fields are linear combinations of the second derivatives of ψ(θ), γ(θ) and κ(θ) are related with each other by (see Refs. [47] and [43] 
Thus, the shear-to-mass inversion formula can be formally obtained as
For the two-dimensional Poisson equation, the Green's function (propagator)
, so that equation (40) can be solved to yield the following non-local relation between κ and γ (see Ref. [2] ): where D(θ) is the complex kernel defined as
Similarly, the complex shear field can be expressed in terms of the lensing convergence as
In a practical application, it is computationally fast to work in Fourier domain [48] , by using the fast Fourier transform (FFT). By taking the Fourier transform of equation (39), we have a mass inversion relation in Fourier space aŝ
whereκ(k) andγ(k) are the Fourier transform of the κ(θ) and γ(θ) = γ 1 (θ) + iγ 2 (θ) fields, respectively. Figure 5 shows the two-dimensional mass distribution in the central 22 ′ × 22 ′ region of A1689 at z d = 0.183 reconstructed from the weak shear field [9] , measured from a sample of blue+red background galaxies registered in deep V i ′ images taken with the Suprime-Cam [49] on the Subaru telescope. Also overlaid up on the image is the gravitational shear field γ(θ) of the red background galaxies, revealing a coherent tangential pattern around the cluster center. In the left panel of Figure 6 we show the mass map for CL0024+1654 (z d = 0.395) reconstructed from Subaru distortion data of BR c z ′ -selected blue+red background galaxies. Also compared in Figure 6 are member galaxy distributions Σ n (θ) and Σ l (θ) in the cluster, Gaussian smoothed to the same resolution of FWHM = 1.41 arcmin. Overall, mass and light are similarly distributed in the cluster.
Adding a constant mass sheet to κ in equation (43) does not change the shear field γ(θ) which is observable in the weak lensing limit, leading to the so-called mass-sheet degeneracy based solely on shape-distortion measurements [4, 5] . As we shall see in §3
. 2, the observable quantity is not the gravitational shear γ but the reduced shear, (45) in the subcritical regime where detA > 0 (or 1/g * in the negative parity region with detA < 0). We see that the g-field is invariant under the following global transformation:
with an arbitrary scalar constant λ = 0 [3] . This transformation is equivalent to scaling the Jacobian matrix A(θ) with λ, A(θ) → λA(θ). This mass-sheet degeneracy can be unambiguously broken by measuring the magnification effects, because the magnification µ transforms under the invariance transformation (46) as ′ data of A1689). The quadrupole PSF anisotropy field as measured from stellar ellipticities before and after the PSF anisotropy correction. The left panel shows the raw ellipticity field of stellar objects, and the right panel shows the residual ellipticity field after the PSF anisotropy correction. The orientation of the sticks indicates the position angle of the major axis of stellar ellipticity, whereas the length is proportional to the modulus of stellar ellipticity. A stick with the length of 5% ellipticity is indicated in the top right of the right panel. This figure is taken from Ref. [9] .
. 2. Weak Lensing Distortion Observables. -In a moment-based approach of weak lensing shape measurements (see Kaiser, Squires, & Broadhurst [50] ; hereafter KSB) we use quadrupole moments Q αβ (α, β = 1, 2) of the surface brightness distribution I(θ) of background images for quantifying the shape of the images:
where q I [I(θ)] denotes the weight function used in noisy shape measurements and ∆θ α = θ α −θ α is the offset vector from the image centroid.(
2 ) The complex ellipticity e is then defined as
The spin-2 ellipticity e transforms under the lens mapping as
where quantities with subscript "(s)" represent those of (unlensed) intrinsic background sources, and g = γ/(1 − κ) is the spin-2 reduced shear. Since e is a non-zero spin quantity with a direction dependence, the expectation value of the intrinsic source ellipticity e (s) is assumed to vanish: e (s) = 0. Schneider & Seitz [3] showed that 0 = χ (s) is equivalent ( 2 ) A practical implementation of the KSB method is achieved by the IMCAT package developed by Nick Kaiser. Note that IMCAT measures the shape moments with respect to the peak position rather than the centroid.
where δ g is the spin-2 complex distortion δ g = 2g/(1+|g| 2 ) [3] , e j is the complex ellipticity for the jth object, and w j is a statistical weight for the jth object. Thus, for a intrinsically circular source with e (s) = 0, we have
In the weak lensing limit (|κ|, |γ| ≪ 1), equation (50) reduces to e (s) ≈ e − 2g ≈ e − 2γ. Assuming the random orientation of the background sources, we average observed ellipticities over a sufficient number of images to obtain e ≈ 2g ≈ 2γ. (53) For g (true) = 0.1, the weak lensing approximation (53) gives g (est) = 0.099, or a negative bias of −1%. For g (true) = 0.4 in the non-linear regime, equation (53) gives g (est) = 0.345, corresponding to a negative bias of −14%.
For a practical application of weak lensing shape measurements, we must take into account various observational effects such as noise in the shape measurement due to readout and/or sky background and the dilution of the lensing signal due to the isotropic/anisotropic point-spread function (PSF) effects. Thus, one cannot simply use equation (53) to measure the gravitational shear field. KSB took into account explicitly the Gaussian weight function in calculations of noisy shape moments and the effect of quadrupole PSF anisotropy, as well as isotropic PSF smearing, and derived in the limit of linear anisotropies relevant transformation equations between unlensed (intrinsic) and lensed (observed) ellipticities. In the limit of linear anisotropies, the transformation equation between the intrinsic and the observed complex ellipticities is formally expressed as
where q α is the spin-2 PSF anisotropy kernel, and Cs are linear response coefficients for the spin-2 anisotropy fields (g α and q α ), which can be calculated from observable weighted shape moments of galaxies and stellar objects [4, 50, 51] . In practical observations, the spin-2 PSF anisotropy q(θ) can be measured from image ellipticities of foreground stars, for which both of e (s) and g vanish:
As an example, we show in Figure 7 the quadrupole PSF anisotropy field as measured from stellar ellipticities before and after the anisotropic PSF correction using the Subaru i ′ data of the cluster A1689 [9] . Figure 8 shows the distribution of stellar ellipticity components before and after the PSF anisotropy correction, corresponding to Figure 7 .
Assuming that the expectation value of the intrinsic source ellipticity vanishes, we have the linear relation between the averaged image ellipticity and the reduced shear as
In the context of the KSB formalism, the linear response C g αβ to the gravitational shear is often denoted as P g αβ (or P γ αβ ). A careful calibration of P g is crucial for accurate measurements of the weak lensing signal. See Refs. [52] and [53] for more detailed discussions on the shear calibration issues.
.
3. E/B Decomposition. -In general, the shear tensor field Γ αβ (θ) = γ 1 (θ)σ 3 + γ 2 (θ)σ 1 that describes the spin-2 quadrupole shape distortions can be expressed as a sum of two terms, corresponding to two degrees of freedom, by introducing two scalar functions Φ E (θ) and Φ B (θ) (see Ref. [43] ) as (57) where ǫ αβ is the 2 × 2 antisymmetric tensor, ǫ 11 = ǫ 22 = 0, ǫ 12 = −ǫ 21 = 1. The first term associated with Φ E is a gradient or scalar E component, and the second term with Φ B is a curl or pseudoscalar B component. The γ 1 and γ 2 are then written in terms of Φ E and Φ B as
As we have seen in §3
. 1, the spin-2 γ field is coordinate dependent, which transforms as γ ′ = γe 2iϕ under a rotation of the basis axis by ϕ. The E and B parts can be extracted from the shear tensor by applying the ∇ 4 θ operator:
where we have defined the E and B fields, κ E = (1/2)△ θ Φ E and κ B = (1/2)△ θ Φ B , respectively. This technique is called as the E-B mode decomposition. The above equations tell us that the relations between the E/B-fields and the spin-2 field are intrinsically non-local.
Remembering that in the case of gravitational lensing the shear tensor is given as Γ αβ = (∂ α ∂ β − δ αβ △ θ /2)ψ(θ), we can identify Φ E (θ) = ψ(θ) and Φ B (θ) = 0. Hence, for a lensing-induced shear field, the E-mode signal is related with the convergence κ, i.e., the surface mass density of the lens, while the B-mode signal is identically zero. We note that gravitational lensing can give rise to B-modes, for example, when multiple deflections of light rays along the light path are involved. However, these B modes arise at higher orders and the B-mode contributions coming from multiple deflections are suppressed by a large factor compared to the E-mode contributions. In practical observations, intrinsic ellipticities of background galaxies also contribute to the gravitational shear estimate, γ est . Assuming that intrinsic ellipticities have random orientations in projection space, such uncorrelated ellipticities will yield statistically identical contributions to the E-and B modes. Thus the B-mode signals serve as a useful null check for systematic effects (e.g., residual PSF anisotropies). Now we turn to the issue of E/B-mode reconstructions from the spin-2 shear field. Rewriting equations (60) and (60) in terms of the complex shear γ, we find
Defining κ ≡ κ E + iκ B , we see that equations (61) and (62) are identical to the mass inversion equation (39) . Therefore, the B-mode convergence κ B can be simply obtained as the imaginary part of equation (41), which is expected to vanish for a purely weak lensing signal. Furthermore, the second equality of equation (62) indicates that the transformation γ ′ (θ) = iγ(θ) (γ
is equivalent to an interchange operation of the E and B modes of the original maps:
Since γ is a spin-2 field that transforms as γ ′ = γe 2iϕ , this operation is also equivalent to a rotation of each ellipticity by π/4 with each position vector fixed.
. 4. Magnification Bias. -In the absence of gravitational lensing, the cumulative number counts n 0 (> S 0 ) (per solid angle) of background galaxies above the limiting flux S 0 can be locally approximated around S = S 0 by a power-law form:
with the running power index around S = S 0
Note the value of α depends on the luminosity function dn/dL(L, z) of background sources (and hence the object type, such as late/early type galaxies and quasars) and the observing wavelength.
Gravitational lensing induces the following conflicting effects known as magnification bias (see Refs. [54] and [55] ):
The former effect reduces the effective observing area in the source plane, decreasing the number of background sources per solid angle; on the other hand, the latter effect amplifies the flux of background sources, increasing the number of sources above the limiting flux. The net number counts with gravitational lensing is given as
This implies that, (i) positive bias for α > 1 and (ii) negative bias for α < 1.
In the weak lensing limit (|κ|, |γ α | ≪ 1),
The fractional change in the surface number density of background sources is thus given as
Hence the magnification-bias δ N (θ) in the weak-lensing limit is a local measure of the surface-mass density field, κ(θ). A combination of the lens distortion and magnification can thus be used to break the mass-sheet degeneracy inherent in the shear-based mass determination [8, 9] .
-Cluster Weak Lensing Profiles
In this section we summarize basic, useful techniques for measuring cluster weak lensing profiles, which can be compared quantitatively with various cluster models, and can be used to constrain cluster mass and structure parameters.
4
. 1. Weak Lensing Distortion. -The spin-2 shape distortion of an object due to gravitational lensing is described by the complex reduced shear, g = g 1 + ig 2 = γ/(1 − κ), which however is coordinate dependent. For a given reference point on the sky, one can instead form coordinate-independent quantities, the tangential distortion g + and the 45
• rotated component, from linear combinations of the distortion coefficients g 1 and g 2 as [56] g + = −(g 1 cos 2ϕ + g 2 sin 2ϕ), g × = −(g 2 cos 2ϕ − g 1 sin 2ϕ), (68) where ϕ is the position angle of an object with respect to the reference position, and the uncertainty in the g + and g × measurement is σ + = σ × = σ g / √ 2 ≡ σ in terms of the rms error σ g for the complex distortion measurement. The +-component, g + , is a measure of tangential coherence of the shape distortions of background images due weak gravitational lensing (see Figure 5 and discussions in §3 .
3) . On the other hand, the ×-component, g × , corresponds to divergence-free, curl-type distortion patterns of background images. In practice, the reference point is taken to be the cluster center, which can be determined from symmetry of the strong lensing pattern, the X-ray centroid position, or the brightest cluster galaxy position [13] . To improve the statistical significance of the distortion measurement, we calculate the weighted average of the g + 's and its weighted error as
where the j runs over all of the objects located within the nth annulus with a median radius of θ n , g +,j is the +-component of the reduced shear estimate for the jth object, u g,j is a statistical weight for the jth object, and C mn is the bin-to-bin covariance error matrix of the binned distortion profiles. Here we have used g α,i g β,j = (1/2)σ 2 g,j δ αβ δ ij (α, β = 1, 2). ( 3 ) Several authors adopted the statistical weight u g,i of the form: u g,i = 1/(σ 2 g,j + α 2 ), with α being the softening constant variance [57, 58, 40] . In the limit of α ≫ σ 2 g , this corresponds to the uniform weighting. The case of α = 0 is known as the inverse-variance weighting, yielding σ + (θ n ) = σ × (θ n ) = 1/ j (1/σ 2 j ). In Refs. [57] and [7] α ∼ σ 2 g ≈ 0.4 was used as the softening parameter for the weight function. The tangential reduced shear g + (θ) as a function of angular radius is a useful, direct observable in weak lensing observations, being free from the mass-sheet degeneracy ( §3 . 1): It does not require a non-local mass reconstruction (see §3 . 1 and 3 .
3), and hence one can easily assess its error propagation as given by equations (70) and (71). In particular, the bin-to-bin covariance error matrix C mn is diagonal (assuming that statistical uncertainties are dominated by random orientations of intrinsic ellipticities). Furthermore, the 45
• -rotated g × component can be used as a useful null check for systematic effects. To compare observed tangential-distortion profiles with cluster mass models, one can use the identify γ + (θ) = κ(< θ) − κ(θ) [4] [5], where γ + (θ) is the azimuthally-averaged tangential component of the gravitational shear at radius θ, κ(θ) = Σ m (θ) /Σ crit is the azimuthally-averaged κ at radius θ, and κ(< θ) = Σ m (< θ)/Σ crit is the mean lensing convergence interior to radius θ. If the projected cluster mass distribution is azimuthally symmetric about its center, then one can make an approximation g + (θ) ≃ (κ(< θ) − κ(θ) )/(1 − κ(θ) ) to compare with predictions from azimuthally-symmetric mass models (see Table 1 ).
In Figure 9 we show the tangential and 45
• -rotated distortion profiles for A1689 at z d = 0.183 (left) and A2142 at z d = 0.091 (right) derived from Subaru weak lensing data [59, 9, 60] , along with the respective best-fitting g + (θ)-profiles for the NFW (see Ref. [37] ) and singular isothermal sphere (SIS) models (see Table 1 ). In both cases, the cluster distortion profiles are better fitted by the NFW model with a continuously steepening profile. For the nearby, high-mass cluster A2142, the curvature in the distortion profile appears highly pronounced, and the SIS model can be strongly rejected by the weak lensing data alone.
. 2. Weak Lensing Depletion. -Lensing magnification µ influences the observed surface density of background sources, expanding the area of sky, and enhancing the observed flux of background sources ( §3 . 4). For red background galaxies at a median redshift of z s ∼ 1, the intrinsic count slope s = −d log 10 n 0 (> S 0 )/d log 10 S 0 = (5/2)d log 10 n(< m 0 )/dm 0 at faint magnitudes m 0 is relatively flat (s < 1), so that a net count depletion results [54] . Recently the count depletion of red background galaxies due to gravitational lensing has been clearly detected in several massive clusters (A1689, A1703, A370, RXJ1347-11, CL0024+1654) [8, 12, 40] . Figure 10 displays the count-depletion profile derived from a Subaru BR c z ′ -selected red galaxy sample in the background of CL0024+1654 at z s = 0.395 [40] . The error bars include not only the Poisson contribution but also the variance due to variations of the counts along the azimuthal direction, i.e., contributions from the intrinsic clustering of red galaxies [54, 61] and departure from ( 3 ) We have ignored the contribution of large scale structure along the line of sight to the lensing signal, namely the cosmic shear signal, acting as spatially correlated noise on the cluster lensing measurement. See Ref. [35] . circular symmetry [9] . A strong depletion of the red galaxy counts is shown in the central, high-density region of the cluster, and clearly detected out to a few arcminutes from the cluster center. The gray-filled region represents the 68.3% confidence bounds for the predicted count depletion curve n(θ) = n 0 µ s−1 (θ) from an NFW model constrained by Subaru distortoin data, demonstrating clear consistency between these two independent lensing observables.
. 3. Weak Lensing Dilution. -It is crucial in the cluster weak lensing analysis to make a secure selection of background galaxies in order to minimize contamination by cluster/foreground galaxies and hence to make an accurate determination of the cluster mass, otherwise dilution of the distortion signal results from the inclusion of unlensed cluster galaxies, particularly at small radius where the cluster is relatively dense [59] [42] .
This dilution effect is simply to reduce the strength of the lensing signal when averaged over a local ensemble of galaxies, in proportion to the fraction of unlensed cluster and foreground galaxies whose orientations are randomly distributed, thus diluting the lensing signal relative to the true background level, derived from the uncontaminated background population [42] . With a pure red background sample (B) as a reference, one can quantify the degree of dilution for a galaxy sample (G) containing N CL cluster galaxies and N BG background galaxies in terms of the strengths of the averaged tangential shear signal in the depletion profile corresponds to the contribution of the known substructure (see Figure  6 ), which is also seen in Subaru distortion data. The gray-filled region represents the 68.3% confidence bounds for the predicted count depletion curve from an NFW model constrained by our Subaru distortion analysis, demonstrating clear consistency between these two independent lensing observables. Figure taken from Ref. [40] . [59] ) proposed to use a sample of red background galaxies whose colors are redder due to large k-corrections than the colormagnitude relation, or red sequence, of cluster member galaxies. These red background galaxies are largely composed of early to mid-type galaxies at moderate redshifts [42] . Cluster member galaxies are not expected to extend to these colors in any significant numbers because the intrinsically reddest class of cluster galaxies, i.e. E/S0 galaxies, are defined by the red sequence and lie blueward of chosen sample limit, so that even large photometric errors will not carry them into such a red sample. This can be demonstrated readily, as shown in Figure 11 , where we plot the mean tangential shear strength g + of A1689, averaged over a wide radial range of 1 ′ < θ < 18 ′ , as a function of color limit by changing the lower color limit progressively blueward. Here we do not apply area weighting to enhance the effect of dilution in the central region. Figure 11 shows a sharp drop in the lensing signal at ∆(V − i ′ ) < ∼ 0.1, when the cluster red sequence starts to contribute significantly, thereby reducing the mean lensing signal. At ∆(V −i ′ ) > ∼ 0.1, the mean lensing signal of the red background stays fairly constant, g + ≃ 0.143, ensuring that our weak lensing measurements are not sensitive to this particular choice of the color limit.
Recently, this empirical background selection method has been generalized by Medezinski, Broadhurst, Umetsu et al. [62] to incorporate and combine all color and positional information in a color-color (CC) diagram. This CC-selection method has been successfully applied to Subaru imaging observations of several massive clusters [62, 40] .
On the other hand, the dilution of the lensing signal caused by cluster members can be used to derive the proportion of galaxies statistically belonging to the cluster, or the cluster member fraction, by comparing the undiluted background distortion signal with the radial distortion profile of color-magnitude (or color-color) space occupied by the cluster members, but including inevitable background galaxies falling in the same space [42] . This technique allows the light profile of the cluster to be determined in a way which is independent of the number density fluctuations in the background population, which otherwise limit the calculation of the cluster light profiles and luminosity functions from counts of member galaxies. The resulting light profile can be compared with the mass profile to examine the radial behavior of M/L [42, 62] .
. 4. Aperture Mass Densitometry. -The observed image distortion of background galaxies can be directly used to derive the projected gravitational mass of clusters. The aperture mass estimate within the angular radius θ, M ζ (< θ), in terms of the tangential component γ + of the gravitational shear can be expressed as
using the aperture-mass densitometry, or the so-called "ζ-statistic" [65] , defined as
where θ out (> θ) is the (constant) outer background radius, γ + (θ) = κ(< θ) − κ(θ) is an azimuthal average of the tangential component of the gravitational shear at radius θ, and κ ≡ Σ m /Σ crit is the mean convergence. Errors on ζ(θ) are calculated by propagating the rms errors σ + (θ n ) (equation [71] ) for the tangential shear measurement. Equations (74) and (75) show that the cluster mass can be measured from the galaxies ellipticity within the annulus bounded by θ and θ out located just outside the mass to be measured. In the weak lensing regime where |κ|, |γ| ≪ 1, γ + (θ) is observable: g + (θ) ≈ γ + (θ) .
As revealed in equation. (75), the ζ−statistic yields a mean convergence interior to θ, subtracted by the mean background within the annulus between θ and θ out , κ(< θ) − κ(θ, θ out ). Hence, as long as κ(θ, θ out ) ≪ κ(< θ), the enclosed mass within θ can be obtained by multiplying ζ by the area πΣ crit (D d θ) 2 . The inner radius θ can almost be arbitrarily chosen to obtain the aperture mass interior to θ, as long as the weak lensing approximation is valid. Obviously, the aperture mass is smaller than the enclosed mass by a negative compensating mass that serves to remove the contribution from a background uniform mass sheet, and the degree of deviation depends on how steep the density profile is.
The ζ-statistic is a circular aperture mass estimator. It gives rise to some errors for irregular and merging clusters. Nevertheless, this effect has been estimated less than 10% [63] . The choice of the parameter θ out may also affect the cluster mass estimate in a practical application. For example, a small θ out will generate large Poisson noise since the galaxy number for a shear estimate within the annulus bound by θ and θ out is not sufficiently large. On the other hand, if θ out is too large, the cluster mass measurement can be contaminated by neighboring clusters in projection. For a projected lens system, γ + is produced not only by the cluster itself but also by the projected neighboring clusters and large scale structure.
Clowe et al. [64] proposed a variant of aperture mass densitometry [65] , by introducing two parameters to specify the annular background region, of the form:
where θ inn and θ out (θ out > θ inn > θ) are the inner and outer radii of the annular background region in which the mean background contribution,κ b ≡κ(θ inn , θ out ), is defined. This cumulative mass estimator is often referred to as the ζ c -statistic. This cumulative mass estimator subtracts from the mean convergenceκ(θ) a constantκ b for all apertures θ in the measurements, thus removing any DC component in the control region θ = [θ inn , θ out ]. We note that theκ b is a non-observable free parameter. The ζ c -statistic will be particularly useful for wide-field imaging observations, such as with the Suprime-Cam on the Subaru telescope (34 ′ × 27 ′ ) and the Megacam on the CFHT (1
• ×1
• ), in which one can identify a background region well outside of the cluster region.
. 5. Weak Lensing Convergence. -Umetsu & Broadhurst [9] have developed a nonparametric method for reconstructing the one-dimensional κ-profile utilizing the ζ cstatistic measurement. Unlike strong-lensing based boundary conditions [8] , this method utilizes an outer boundary condition on the mean background densityκ b to derive a κ-profile (see Schneider & Seitz 1995 for an alternative method for a direct inversion of the mass profile). 
andθ m is the weighted center of the mth radial bin bounded by (θ m , θ m+1 ) (see Refs. [9] and [40] ). The error covariance matrix C mn of κ m is expressed as where C ζ mn ≡ δζ m δζ n is the bin-to-bin error covariance matrix of the aperture densitometry measurements which is calculated by propagating the rms errors σ + (θ m ) for the tangential shear measurement (see §4
. 1). In the non-linear regime, however, the γ + (θ) is not a direct observable. Therefore, non-linear corrections need to be taken into account in the mass reconstruction process. In the subcritical regime (i.e., outside the critical curves), the γ + (θ) can be expressed in terms of the the averaged tangential reduced shear as g + (θ) ≈ γ + (θ)/[1 − κ(θ)] assuming a quasi circular symmetry in the projected mass distribution. This non-linear equation (76) for ζ c (θ) can be solved by an iterative procedure, which is outlined in Ref. [40] .
The mass-sheet degeneracy is inevitable in any mass reconstruction method based solely on the shearing effect.
In the left panel of Figure 12 we show cluster surface mass density profiles Σ m (θ) for A1689 [9] and CL0024+1654 [40] as reconstructed from combined Subaru weak-lensing (r > ∼ 200 kpc) and HST/ACS strong-lensing (r < ∼ 200 kpc) observations. The joint mass profiles for the clusters continuously steepen out to their virial radii, and are well fitted with single NFW profiles, which provide a good description of the equilibrium density profiles of collisionless DM halos in cosmological N -body simulations. The right panel of Figure 12 shows two-dimensional marginalized constraints on the NFW model parameters (c vir , M vir ) derived for CL0024+1654 from the joint mass profile shown in the left panel. This figure demonstrates that combining strong and weak-lensing information (grey contours) significantly reduces the uncertainties on the profile parameters. Such non-parametric mass profiles are also useful when comparing the total matter distribution with cluster properties obtained from other wavelengths and/or approaches [66, 67, 68, 69] . . The curvature of these profiles demonstrates that both strong and weak lensing data are required to make an accurate measurement of the cluster mass structure parameters, such as the halo virial mass, Mvir, and concentration, cvir. Also shown as solid curves are the best-fit NFW models, with a continuously steepening density profile, for A1689 (black) and CL0024+1654 (gray). Right: Joint constraints on the NFW model parameters (cvir, Mvir) derived for CL0024+1654. The red and blue contours show the 68.3%, 95.4%, and 99.7% confidence limits for the inner strong lensing and outer weak lensing data, respectively. Combining strong and weak-lensing information (gray contours) significantly reduces the uncertainties on the profile parameters. Figures taken and modified from Umetsu & Broadhurst [9] and Umetsu, Medezinski, Broadhurst et al. [40] .
Appendix A.
Multiple Lens Equation
We may discretize the cosmological lens equation (19) by dividing the radial integral between the source (χ = χ s ) and the observer (χ = 0) into N -comoving boxes (N − 1 lens-planes) separated by a comoving distance of ∆χ. The angular position θ (n) of a light ray at the nth plane (n ≤ N ) is then given by
where ψ p is the effective lensing potential of the pth lens plane (p = 1, 2, .., N − 1):
The Jacobian matrix is expressed as
where H (p) αβ = ∂ 2 ψ p /∂χ ⊥,α ∂χ ⊥,β (α, β = 1, 2) is the Hessian matrix, and g(χ p , χ n ) is the effective lensing distance for the pth lens plane. In general (without the Boron approximation), the 2 × 2 Jacobian matrix can be decomposed into the following form:
A αβ = δ αβ − ψ αβ = (1 − κ)δ αβ − γ 1 σ 3 − γ 2 σ 1 − iωσ 2 (A. 4) where κ = (ψ 11 + ψ 22 )/2, γ 1 = (ψ 11 − ψ 22 )/2, γ 2 = (ψ 12 + ψ 21 )/2, and ω is the net rotation ω = (ψ 12 − ψ 21 )/2. The Born approximation A (p) = I leads to the symmetric Jacobian matrix. * * * I am very grateful to the organizers of the Fermi summer school, Y. Rephaeli and A. Cavaliere, for the invitation to present the research discussed in this review. I would like to thank Masahiro Takada and Patrick Koch for providing invaluable comments on the manuscript. This work is partially supported by the National Science Council of Taiwan under the grant NSC97-2112-M-001-020-MY3.
